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Abstract

The lateral forces exerted on a substrate (parallel to the surface) by a layer of end-
grafted polymer molecules are calculated on the basis of simple scaling arguments.
The results are cast in terms of an equilibrium (compressive) surface stress and an
elastic constant, which describes the rate of change of the surface stress upon defor-
mation of the substrate. This allows for straightforward integration of the present
results into a continuum frameworks describing the response of a compliant struc-
ture, which facilitates device design and analysis. The results are illustrated with
calculations for end-grafted poly(styrene) and poly(ethylene oxide), and the implica-
tions for building micromechanical devices based on adsorption-induced deformation
are discussed.
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1 Introduction

Small, compliant structures, such as microfabricated membranes and can-
tilevers, have been explored as chemical sensors and actuators. In these appli-
cations, an elastic deformation of the structure is inducedby the adsorption
of an analyte. If the adsorption characteristics of the surface are tailored to be
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speci�c to a particular analyte, a highly speci�c sensor is obtained. A central
challenge in the development of such devices is quantifyingthe relationships
between molecular properties and the surface stress generated by adsorption,
which drive microscale deformation and enable detection.

An e�ective approach to address this challenge is to derive continuum-level
descriptions of surface stress from molecular-level descriptions of adsorption
interactions. We have illustrated this approach by developing a convenient
general framework applicable for adsorbed molecules whichcan be described
using pair potentials (Begley et al., 2005). In this scheme,the interactions
between the adsorbed molecules are described by a pair potential, while their
spatial distribution is characterized by a pair correlation function. From this,
e�ective elastic constants of the surface layer can be calculated. The mechan-
ical response of the surface layer is then easily incorporated into a suitable
continuum mechanics model of the compliant device, with explicit and quan-
ti�able connections between molecular properties and microscale deformation.

While we have recently described the application of this approach to rigid
polymer rods (such as double-stranded DNA) and Lennard-Jones type objects
(such as Fullerenes) (Begley and Utz, 2006b), the case of end-grafted 
exible
polymers has not been clearly elucidated. Previous treatments have either
focused purely on chemistry (Abu-Lail et al., 2006; Bumbu etal., 2004), or
coupled the molecular and continuum descriptions so as to prevent straight-
forward application to general device geometry (Hagan et al., 2002). This
purpose of the present paper is to establish a clear multi-scale modeling ap-
proach wherein established molecular mechanics concepts for 
exible polymers
are used to derive continuum properties that can be generally applied to any
device geometry.1

The physics of polymer brushes has been an active area for three decades,
since the original scaling arguments of Alexander (1977) and de Gennes (1980).
The following brief history hits upon a few highlights and provides the back-
drop for the present study, which di�ers in focus and provides several new
results. The theory of polymer brushes (Milner, 1991) has been developed by
Alexander (1977) and de Gennes (1980) on the basis of scalingarguments
(de Gennes, 1979) in the athermal case (i.e., for a good solvent). Their treat-
ment is based on a number of assumptions, most notably, that the free chain
ends are con�ned to the top of the grafted layer, and that the vertical polymer
concentration pro�le is a step function.

1 A 
exible polymer is de�ned as a chain molecule with a persistence length that is
at least two orders of magnitude shorter than the contour length of the chain. The
interactions between individual chains depend on the chainconformations in this
case, and cannot be described by a simple pair potential based on the locations of
the grafting locations.
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These assumptions have been relaxed in the self-consistent�eld theory (Se-
menov, 1985; Milner et al., 1988b,a), which predicts a parabolic concentra-
tion pro�le. Properties that are not particularly sensitive to the details of the
pro�le, however, generally have the same functional dependence on the poly-
mer chain length and grafting density in both theoretical approaches, with
small di�erences in the numerical prefactors. The mechanical properties of
polymer brushes have been investigated by numerous authorson the basis of
the Alexander-de Gennes approximation. Rabin and Alexander (1990) con-
sidered the vertical stretching of polymers in good solvents. Their approach
was generalized to the poor solvent case by Halperin and Zhulina (1991). The
behavior of brushes in good solvents under lateral shear hasbeen studied ex-
tensively due to the potential applications in lubrication of surfaces. Klein
et al. (1991) have conducted detailed surface force apparatus experiments of
polymer brushes under shear, and several authors have provided theoretical
descriptions taking their results into account (Barrat, 1992; Williams, 1993a;
Miao et al., 1996). Fredrickson et al. (1992) have developedan expression for
the free energy of a polymer brush as a function of deformation of its free
surface. They have shown that the elastic properties of the grafted brush can
be expressed in terms of an e�ective shear modulus, which depends on the
square of the grafting density (Williams, 1993b). For a recent review of the-
oretical and numerical approaches to the description of polymer brushes, see
Naji et al. (2006).

In all of these papers, however, the focus lies on out-of-plane components of
the stress tensor in the polymer layer (� zz, � xz , � yz , if the z direction represents
the surface normal), since the substrate and therefore the grafting points were
treated as rigid, and the mechanical perturbation is applied to the free sur-
face of the brush. In the present context, we are interested in the reverse: A
deformation of the grid of grafting points, while the free surface remains un-
perturbed, since we focus on the mechanical interaction of the polymer brush
layer with the deformation of a compliant substrate. This requires the study of
the in-plane components (� xx , � yy , � xy ) of the stress tensor, and the treatment
of the grafting density as a deformation-dependent variable.

In the following, the scaling approach is used to compute thelateral forces
exerted by the polymer brush onto an elastic substrate. Rather than restrict-
ing the discussion to the athermal case, we attempt to develop a consistent
theory that covers all types of polymer-solvent interaction (good, �, and poor
solvent), along with the extreme cases (athermal and non-solvent). This gen-
erality is of some importance in the context of future micromechanical devices,
since they are likely to exploit the modulation of the brush properties through
changes in solvent quality for sensing and actuation purposes.
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Fig. 1. Schematic of the scaling of end-grafted polymers in di�erent regimes. A:
Expanded chains in a good solvent, with the thermal blob sizesubstantially smaller
than the correlation length � . B: � -solvent: the thermal blob size is comparable to
or exceeds the correlation length. C: In a poor solvent, the thermal blobs form a
liquid-like, compact layer at the grafting surface.

2 Theory

The interaction of lateral forces in a thin surface layer on top of an elastic
substrate is most easily described through the surface stress tensor


 ij =
1
A

@Fex
I

@�ij
; (1)

whereA is the surface area, andF ex
I is the surface excess free energy of interac-

tion, as de�ned by Begley et al. (2005). Note that this stresstensor is a tensor
of rank 2 in two dimensions. Formally, its components are related to those of
the conventional, three-dimensional stress tensor by
 ij = H� ij , assuming the
stress to be homogeneous through the thicknessH of the �lm. For small sur-
face deformations (which nonetheless may involve large global de
ections of
the structure), the components of the stress tensor can be regarded as elastic,
and can be related to the surface strain as


 ij = � ij (
 0 + � 0� kk ) + 2 �� ij ; (2)

where� ij represents the Kronecker symbol, and the Einstein summation con-
vention has been applied. This approach assumes that the grafting surface
remains 
at. Even for bent surfaces, it remains an excellentapproximation,
as long as the radius of curvature is large compared to the thickness of the
adsorbed �lm.
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In the context of polymers, a solvent is termed "good" if the interaction of a
polymer segment with a solvent molecule is more favorable than a polymer-
polymer contact. In a good solvent, a netrepulsion between the polymer
segments results which causes the chain to adopt an expandedconforma-
tion (a self-avoiding random walk). In a poor solvent, by contrast, there is
a net polymer-polymer attraction, which causes the polymerchain to col-
lapse, and eventually leads to precipitation of the polymerfrom the solution.
Typically, the net interaction is temperature dependent, and, at least in prin-
ciple, a polymer-solvent pair can be brought from the good solvent to the
bad solvent regime by simply lowering the temperature.2 In between the two
extremes, there is a temperature where the attraction and repulsion forces be-
tween the polymer segments exactly cancel. At this point, usually called the
�-temperature, the polymer chain adopts an ideal random walk conformation.

For 
exible polymer brushes in good solvents, the excess free energy of inter-
action between the polymer chains arises due to the elongation of the chains
away from the surface, which leads to a loss of conformational entropy. This
is balanced by the osmotic pressure which results since the polymer chains
exclude some of the solvent from entering into the brush layer. The extension
of the polymer chains alleviates the osmotic pressure in thevertical direction,
but does not do so in the two directions parallel to the adsorption plane.

The remaining two-dimensional pressure in the brush therefore leads to a �nite
(compressive) surface stress, which is the quantity of interest in the present
paper. Since pure shear of the grafting surface does not change the grafting
density, the surface shear modulus� vanishes. The task at hand therefore
amounts to using scaling theory to compute the osmotic pressure in grafted
polymer �lms as a function of interaction strength between the polymer and
the solvent, and relating the result to the two elastic constants 
 0 and � 0.

The key to understanding polymer brush behavior is to identify appropri-
ate scaling relationships that relate physical length scales (such as monomer
size, grafting density and the size of molecular "coils") totemperature and
solvent quality. Once these have been identi�ed, the energyassociated with
self-interaction and steric interactions can be describedin terms of these scal-
ing relationships. Surface stresses can then be derived from these results in a
straightforward manner, as will be demonstrated in the following.

2.1 Physical Length Scales

At very low grafting densities, the polymer molecules form isolated hemi-
spheres on the surface. This is usually referred to as the "mushroom" regime,

2 In practice, the solvent often freezes before the limits of the � regime are reached.
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Fig. 2. Universal contour plot of brush height H � = H=(Nb) as a function of nor-
malized grafting density b

p
� and Flory parameter � .

and of no interest in the present context due to the very smallsurface forces in-
volved. At higher grafting densities, the mushrooms begin to overlap, forming
a dense polymer brush surface layer, which resembles a semidilute or concen-
trated polymer solution.

In a semidilute polymer solution, the excluded volume interactions swell the
chain locally. Beyond a characteristic length scale, however, the excluded vol-
ume is screened by the presence of other polymer chains, and the polymer
adopts an ideal random walk conformation. This length scaleis called the cor-
relation length � c, and depends on the polymer chain length, chain sti�ness,
and concentration in semidilute solutions.

The fundamental assumption of scaling theory of polymer brushes is that
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the brush layer can be regarded as a semidilute polymer solution, with a
correlation length given by the separation between the grafting points. In
terms of the grafting density� , this yields

� c = � � 1
2 : (3)

While the chain forms an ideal random walk of correlation blobs in semidilute
solution, the geometry of the brush forces the correlation blobs into a linear
arrangement away from the surface, as shown in FIG. 1A.

The end-to-end distance of a polymer chain scales with the number of chain
segments as

hRi = bN� ; (4)

whereb is the size of a single segment, andN is the number of segments per
chain. The scaling exponent� depends on the long-range interactions along
the chain axis. In an athermal solvent, polymer-solvent contacts are favored
over polymer-polymer contacts by a free energy di�erence large compared
to kT. In this case, the excluded volume interaction swells the polymer coil
into a self-avoiding random walk, with� � 3=5. In a non-solvent, the chain
precipitates into a compact globule, and� = 1=3. For a typical polymer-
solvent pair, there exists a particular temperatureT = �, where the e�ective
excluded volume interaction vanishes. In this case, the chain conformation
becomes an ideal random walk, with� = 1=2 (Rubinstein and Colby, 2003).
The � temperature is related to the Flory interaction parameter � as

1 � 2� =
T � �

T
: (5)

At �nite temperatures, the scaling of the polymer chains deviates from the
ideal conformation (� = 1=2) only if the cumulative e�ective excluded volume
interaction exceedskT. This gives rise to a transition length scale, which is
commonly termed the thermal blob size� T (de Gennes, 1979). Locally, the
chain behaves as an ideal random walk, whereas on scales above � T , it is a
self-avoiding random walk of thermal blobs.

The thermal blob size is related to the� parameter and the � temperature as

� T =
b

j2� � 1j
= b

T
jT � � j

: (6)

At the � temperature, � T diverges, and the chain is ideal at all length scales.
For T > �, the chain is expanded at large length scales, and ideal over short
distances. (See FIG. 1A.) In the athermal case (� = 0), the thermal blob has
shrunk to a single segment length, and the chain is expanded over the entire
range. (See FIG. 1B) Conversely, in a poor solvent, the chainremains ideal at
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small length scales, but the thermal blobs nowattract each other, leading to
the collapse to a close-packed liquid of thermal blobs. (SeeFIG. 1C.)

In a polymer brush, the chains form a surface �lm of close-packed correlation
blobs. On a shorter length scale, the correlation blobs eachcontain a polymer
chain of thermal blobs, which are close packed in a poor solvent, and expanded
to a self-avoiding random walk in a good solvent. Scaling theory therefore
predicts a concentration pro�le in the form of a step function, with a height
H that can be expressed as

H =
N

gc gT
� c; (7)

where gc is the number of thermal blobs per correlation blob, andgT is the
number of segments per thermal blob. Since the chain is idealinside the ther-
mal blob, we have

gT =

 
� T

b

! 2

: (8)

Similarly, the number of thermal blobs per correlation blobis given by

gc =

 
� c

� T

! 1
�

: (9)

This leads to
H = bN(b

p
� )

1� �
� j1 � 2� j2� 1

� : (10)

At a given density, the height is largest for small values of� (good solvent).
In this regime, the chains are expanded on the length scale ofthe correlation
blobs, and the brush height scales with (1� 2� )0:299 (� = 0:588). As the solvent
quality is decreased (� ! 0:5), the magnitude of the excluded volume inter-
action falls, and the thermal blob size increases until it becomes comparable
to the correlation length. � T = � c is reached at

� �
lim =

1
2

(1 � b
p

� ): (11)

After this point, the chains adopt an ideal conformation on all relevant length
scales, with a scaling exponent� = 1=2. This leads to a brush height which
is independent of the� parameter. On the poor solvent side (� > 1=2), the
limit of this � regime is reached when the thermal blob size falls again below
the correlation length, at

� +
lim =

1
2

(1 + b
p

� ): (12)

In this case, the net interaction between the thermal blobs is attractive, leading
to their condensation into a close-packed liquid, with a scaling exponent � =
1=3. In free solution, the polymer would phase separate into a polymer-rich
condensate and a solvent-rich phase, while for end-graftedchains, only the
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condensate is formed. The height of the polymer layer scalesas (2� � 1)� 1

in this regime. In the extreme non-solvent case,� T � b, and all solvent is
expelled from the polymer layer. It should be noted that for small surface
densities, the layer thickness eventually falls below the correlation length as
the solvent quality drops. At this point, the �lm may break up into distinct
islands (Karim et al., 1995).

FIG. 2 shows a general contour plot of the normalized brush height Ĥ =
H=(Nb) as a function of the normalized grafting density ^� = b2� and the
Flory parameter. The limits of the � regime are indicated as dashed lines.

2.2 Surface stresses

In a good solvent, the repulsion of the end-grafted polymer chains leads to
their extension away from the surface. As a consequence, thenumber of con-
formational degrees of freedom per chain is reduced, with a corresponding
loss in entropy. The excess free energy of interaction (Begley et al., 2005) per
polymer chain is therefore identical with its stretching energy.

Each chain end therefore gives rise to a force in the verticaldirection of

F = �
@� � ex

I

@H
; (13)

where we have chosen the direction away from the surface to bepositive.
Collectively, the chain ends generate a stretching pressure onto the upper
boundary plane of the brush of

Pstretch = �F; (14)

where � is the grafting density. In equilibrium, the chains stretchto such
a degree as to balance the stretching pressure with the osmotic pressure �
caused by the exclusion of the solvent from the brush layer. This yields the
vertical equilibrium condition

Pstretch + � = 0 ; (15)

where the osmotic pressure is de�ned as the chemical potential of the solvent
in the brush � s divided by the partial molar volume of the solventvs

� =
1
vs

(� 0
s � � s); (16)

with � 0
s denoting the chemical potential of the pure solvent.
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From (14), we obtain a relation between the free enthalpy of interaction per
chain, the brush height, and the osmotic pressure:

@� � ex
I

@H
=

�
�

: (17)

Writing equation (1) on a per-chain instead of a per-area basis, we obtain


 ij = �
@� � ex

I

@�ij
= �

 
@� � ex

I

@H

!  
@H
@�ij

!

: (18)

Inserting (17) into (18), we obtain for the surface stress


 ij = �

 
@H
@�ij

!

: (19)

As shown in the previous section, scaling theory yields the brush height H as
a function of grafting density in the form of a power lawH = a�  . From eq.
(10), one �nds  = (1 � � )=2� , i.e.,  � 0:35,  = 1=2, and  = 1, in a good,
�, and poor solvent, respectively, while more elaborate treatments such as
self-consistent �eld theory would yield slightly di�erent values for . In terms
of the surface strains, this can be written as

H = a�  
0 (1 � � kk ) ; (20)

from which it immediately follows that
 

@H
@�ij

!

= � � ij H
 

1 � � kk
; (21)

and


 ij = � � ij �
 

1 � � kk
H: (22)

2.3 Good Solvent

In a good solvent, the osmotic pressure can be obtained directly from the
scaling theory of semidilute polymer solutions, which gives

� =
kT
� 3

c
; (23)

i.e., the inter-chain repulsion amounts tokT per correlation blob (Rubinstein
and Colby, 2003). We therefore �nd from inserting (23) into (22)


 ij = �
� ij NkT � 0(1 � � )

2�

�

b
q

� 0(1 � � kk )
� 1

�

j1 � 2� j2� 1
� ; (24)
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Fig. 3. Universal contour plot of the normalized surface stress ^
 0 = j
 0j=(NkT � ) as
a function of the Flory interaction parameter � and the normalized density ^� = b2� .
Only the good solvent and the � regime are shown, with the boundary between the
two indicated by the dashed line. A factor of 1.2 has been applied to the surface
stress in the good solvent regime, in order to match the results for the two regimes
shown at the theoretical boundary between the two regimes.

where we have set� = (1 � � kk )� 0, with the original grafting density � 0 and the
�rst invariant of the surface strain tensor � kk = � xx + � yy . The elastic constants
are easily derived from this by expanding (24) into powers of� kk . We obtain


 0 = � NkT � 0
1 � �

2�
(b

p
� 0)

1
� j1 � 2� j2� 1

� ; and (25)

� 0 = �
1
2�


 0: (26)

These two expressions hold for the good solvent regime, which implies � �
0:588, and� < 0:5.
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2.4 � Solvent

At su�ciently high grafting densities, or for temperatures su�ciently close to
the � point, the thermal blob size exceeds the correlation length � c, and the
chain adopts an ideal conformation on the length scale relevant to the brush.
Under these conditions, the osmotic pressure can be estimated through a virial
expansion of the mean �eld free energy of mixing. This yields

� =
kT
b3

 
�
N

+
� 2

2
(1 � 2� ) +

� 3

3

!

+ o(� 4); (27)

where � is the volume fraction of polymer. The �rst virial coe�cient cor-
responds to the van't Ho� law, and the second depends linearly on the �
parameter, vanishing at� = 1=2. The volume fraction is easily obtained from
the grafting density and the brush height. Keeping in mind that � = 1=2, this
leads to

� = b
p

� = b=�c; and (28)

� =
kT
b3

0

@
b
p

�
N

+
b2�
2

(1 � 2� ) +
b3�

3
2

3

1

A ; (29)

where higher order terms are neglected. The van't Ho� term isnegligible for
high degrees of polymerization due to the factor of 1=N. Again using (22), we
�nd for the surface stress under � conditions:


 ij = � � ij
NkT

2
� 0

� 1
N

+
1
2

b(1 � 2� )
q

(1 � � kk )� 0 +
1
3

b2� 0(1 � � kk )
�

: (30)

From this, the surface elastic constants are again found by series expansion
into � kk . One obtains


 0 = �
NkT

2
� 0

� 1
N

+
1
2

b
p

� 0(1 � 2� ) +
1
3

b2� 0

�

; and (31)

� 0 =
NkT

2
� 0

� 1
4

b
p

� 0(1 � 2� ) +
1
3

b2� 0

�

: (32)

2.5 Poor Solvent

In a poor solvent, the polymer chains have a tendency to collapse, eventually
leading to separation into a polymer-rich and a solvent-rich phase. This case
can be treated in terms of scaling theory by assuming that thecollapsed poly-
mer behaves as a liquid of thermal blobs, which are densely packed, implying
a scaling exponent of� = 1=3. The cohesive energy density in this liquid is
of the order ofkT per thermal blob. In a grafted polymer �lm, the liquid of
globules exposes two surfaces, one to the solvent and one to the substrate.
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Thermal blobs in these surface layers are not fully surrounded by others. As
with any liquid, this leads to a surface tension, which contributes to the lateral
forces. It is easy to estimate its magnitude: since the cohesive energy is about
kT per thermal blob, each thermal blob in the surface of the polymer layer
contributes about kT=2 to the surface tension, since it only interacts with
about half as many neighbors compared to blobs in the bulk of the �lm. This
leads to the total surface tension of approximately


 p �
kT
� 2

T
= kT

(2� � 1)2

b2
: (33)

It should be noted that this surface tension is independent of the �lm thickness,
and therefore the grafting density, provided that the �lm remains 
at and
compact. This will be the case unless the polymer collapses so much that the
�lm thickness reaches the neighborhood of a single correlation length. At that
point, �lm breakup into individual islands is to be expected, and has indeed
been observed experimentally (Karim et al., 1995).

In addition, there is a �nite osmotic pressure associated with the collapsed �lm.
It can be estimated from the composition of a solvent-rich phase that would
be in thermal equilibrium with the collapsed polymer �lm. Due to the surface
tension associated with isolated globules, their concentration in solution � s is
given by the Boltzmann factor

� s = � p exp
�

�
� A
kT

�

; (34)

where � p is the volume fraction of polymer in the precipitate, with the free
energy di�erence

� A = 
 p4�R 2
g =

kT
� 2

T
4�

 
b3

� p

! 2
3

(35)

The resulting Boltzmann factor is very small under realistic conditions, leading
to a small concentration of globules. The osmotic pressure can therefore be
obtained from the van't Ho� expression, and we �nd

� =
kT
Nb3

j2� � 1j exp
�
� N

2
3 (2� � 1)

4
3

�
: (36)

The corresponding surface stress follows from (22):


 0 = � e� N 2=3 (2� � 1)4=3
kT � 0: (37)


 0 is a very strong function of the degree of polymerizationN , vanishing
rapidly for large N , particularly at temperatures far from the � point. The
ratio between the surface tension and the stress due to the osmotic pressure
is

j
 0j

 p

=
� 0b2

(2� � 1)2
e� N 2=3 (2� � 1)4=3

: (38)
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Fig. 4. Estimated height of a layer of poly(styrene), assuming a persistence length
of b = 1 nm and 500 Kuhn segments (corresponding to a molecular weight of
M = 500; 000 g=mol), for grafting densities of � 0 = 0 :02, 0.04, 0.06, and 0:08 nm� 2.
The limits of the � -regime are indicated as dashed lines.

In typical cases,� 0b2 is less than 0.1, corresponding to a separation between
the grafting sites of a few monomer sizes. In order for the poor solvent regime
to be applicable, the� parameter has to exceed the limit of eqn. (12), which
means 2� � 1 � b

p
� 0. The ratio (38) is a monotonously falling function of

2� � 1. Within the bounds of applicability of the poor solvent regime, we can
therefore write

j
 0j

 p

� e� (Nb2 � 0)
2
3 : (39)

This is a small number whenever the degree of polymerizationN is large
compared to the normalized grafting density, or, in other words, if the poly-
mer chains are long compared to the average separation between the grafting
points. However, unless this is the case, no continuous polymer �lm can be
formed. We can therefore conclude that the surface tension
 p dominates the
mechanical response of collapsed polymer brushes, and the osmotic pressure
contribution can be neglected in all relevant cases.
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3 Results and Discussion

3.1 General Remarks

While universal plots of the normalized brush height and thenormalized sur-
face stress are shown in FIG. 2 and FIG. 3, numerical exampleswill be pre-
sented in this section, in order to put the magnitude of the surface stresses
into perspective. As an example, we use a brush of poly(styrene) exposed to
a solvent. We assume a degree of polymerization ofx = 5000, corresponding
to a molecular weight ofMn � 500; 000 g mol� 1. The persistence length of
poly(styrene) assumed to beb = 1 nm, corresponding to 10 monomers per

exible Kuhn segment. We therefore haveN = 500.

As shown in FIG. 4, the maximum brush height for a grafting density of
� = 0:08 nm� 2 would be in the vicinity of 140 nm in the athermal limit (� = 0).
It is interesting to note that a much lower grafting density of � = 0:02 nm� 2

would still lead to a brush height of more than 80 nm. This is a consequence
of the highly nonlinear scaling of the brush height with the surface density of
monomers in the good solvent regime. The corresponding surface stresses at
zero surface strain are shown in FIG. 5. For high surface densities (b2� 0 in the
vicinity of 0.1), the surface stress reaches a magnitude of several mN/m in the
athermal limit. These values should be able to produce measurable de
ections
on compliant substrates, whereas they would not lead to detectable e�ects on
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Fig. 6. Brush height H and surface stress
 0 as a function of temperature for a
grafted layer of poly(oxyethylene) (PEO, also known as poly(ethylene glycol) PEG),
molecular massM w = 50; 000 g=mol, at a grafting density of � 0 = 0 :1 nm� 2. The
dashed line represents an estimate of a smooth transition between the good solvent
and the ideal regime.

a silicon cantilever.

The good solvent, �, and poor solvent regimes are plotted separately in FIG. 5.
Due to the dominance of the liquid-like surface tension in the poor solvent
regime, all grafting densities give rise to the same tensilesurface stress, and
the curves collapse onto a single one for� > 0:6. The theoretical limit of the �
regime is indicated by a dashed line. However, the predictions for the surface
stress from the good solvent and the � regime converge at slightly higher �
values. In view of the approximations made in the derivations, and the neglect
of numerical prefactors, this is not a serious inconsistency.

In general, the� parameter depends on temperature. In principle, this can be
used to modulate the surface stresses, and to drive de
ection of mechanical
devices. However, the variations of� that can be achieved in this manner are
often quite limited. As an example, consider the combination of Polystyrene
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Fig. 7. De
ection of microdevices in di�erent geometries due to surface stresses
caused by adsorbed polymer brushes.

with cyclohexane. The � temperature lies at 35� C in this case. Between the
melting (6.6� C) and boiling points (88.5� C) of cyclohexane, (5) predicts a
variation of � = 0:55: : : 0:43, which corresponds to a very narrow range in
FIG. 5.

While the temperature dependence of (5) is typical of hydrophobic poly-
mer/solvent combinations, which interact mainly through van der Waals forces,
aqueous systems often exhibit a di�erent behavior due to hydrogen bonding.
Poly(ethylene oxide), also known as poly ethylene glycol (PEG), in water,
provides an example of this. The� parameter of PEG/water has been deter-
mined as a function of temperature by Pedersen and Sommer from neutron
scattering experiments (Pedersen and Sommer, 2005). They found � (T) to
be an increasing function of temperature, well approximated by the empirical
relationship

� (T) = A +
B
T

; (40)

with A = 1:156� 0:002 and B = ( � 235:5 � 0:9)K. PEG is a highly 
exi-
ble polymer, with a persistence length of 0.38 nm, corresponding to about 2
monomers. FIG. 6 shows the predicted brush height as well as the zero strain
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surface stress as a function of temperature resulting from the above� values,
assuming a molecular mass ofMw = 50; 000 g=mol, and a relatively high graft-
ing density of � 0 = 0:1 nm� 2. Between the melting and boiling temperatures
of water, the above relationship corresponds to a change in� from 0.29 to
0.53. As shown in FIG. 6, this leads to a transition from the good solvent into
the � regime at about 50 � C, while the poor solvent regime is not accessible.
The surface stresses are relatively small (of the order of 1 mN/m) even at low
temperatures, due to the high 
exibility of the PEG molecules, and fall by
roughly a factor of two over the accessible temperature range.

3.2 Device Implications

FIG. 7 and FIG. 8 show typical de
ections that can be expectedfrom sur-
face stresses caused by polymer brush layers: both cantilevers (straight lines)
and clamped circular �lms (curved lines) are considered. Results in FIG. 7
are expressed in terms of surface stress, with suitable ranges for both 
exible
polymer brushes (e.g. PEG) and rigid charged polymers (e.g.DNA) indicated
in the abscissa. Results in FIG. 8 express results in terms ofgrafting den-
sity, implying a speci�c polymer system: parameters identical to FIG. 6 (i.e.
PEO or PEG) are used. The deformation of both cantilevers andclamped
�lms due to adsorption-based surface stress is summarized in (Begley et al.,
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2005) and (Begley and Utz, 2006a). The present approach reduces the anal-
ysis of the �lm to conventional mechanics, because continuum descriptions
of the �lm and molecular descriptions of the polymer brush are e�ectively
decoupled. (The connection is made through the surface stress, which is the
output of the molecular analysis and simply a scalar input tothe continuum
analysis.) The clamped �lms exhibit the non-linear buckling behavior typical
of residually-stressed thin �lms. The mechanics for the circular buckling case
are outlined in (Hutchinson et al., 1992) with the residual stress � replaced
by 
=H . This simple substitution identi�es both the critical surface stress to
induce buckling and subsequent de
ection (The basis of thissubstitution is
discussed in Begley et al. (2005) and Begley and Utz (2006a)). Three di�erent
device con�gurations are considered: two requiring microfabrication and one
'macroscopic' device that might be amenable to benchtop manufacture. All in-
volve PDMS �lms, as the compliance of this material makes structures highly
sensitive to surface stress. The macroscopic device is motivated by the 250� m
thick PDMS �lms commonly found in micro
uidic valves: arguably, the most
immediate opportunity to examine polymer brush mechanics is to coat such
a �lm with gold (to facilitate surface adsorption chemistry) and utilize a strip
about an inch long. The other two device con�gurations are comprised of a
PDMS �lm with 10 � m thickness and a planar dimension (cantilever length
or clamped �lm radius) of 1.5 mm: this obviously requires microfabrication
approaches. The performance of such a �lm both with and without a gold
coating is examined. FIG. 7 and FIG. 8 and illustrate that thedeformations
induced by 
exible polymer brushes (e.g. PEG) are considerably smaller than
those associated with more rigid, charged polymers (e.g. DNA). As a result,
it is implausible that a clamped structure could be constructed to explore
polymer brush behavior; even if one can establish direct surface functional-
ization of an elastomer, FIG. 8 shows that relatively high grafting densities
are required to trigger buckling. However, the results in FIG. 8 illustrate that
both micro- and macro-cantilevers should exhibit readily-observable deforma-
tion over a reasonable range of grafting density. Obviously, the most dramatic
deformation will be observed for scenarios which do not involve the addition
of sti� metallic layers used for adsorption chemistry.

4 Conclusions

A consistent and general scaling theory of the lateral forces in polymer brushes
has been developed for good, �, and poor solvents, includingthe athermal and
the non-solvent limits. Estimates based on known Flory interaction parame-
ters show that the lateral surface stresses induced by polymer brushes are
typically of the order of 1: : : 10 mN=m. Stresses of this magnitude are hard
to detect with conventional, silicon-based MEMS devices, but are su�cient
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to de
ect membranes and cantilevers made from compliant materials such
as silicone rubber (PDMS). The theory laid out in the presentcontribution
is based on a general framework for the treatment of chemo-mechanical in-
teractions, which allows for a clean separation between thetreatment of the
molecular processes and the description of the mechanical response of the sub-
strate device. The surface layer is described as a two-dimensional solid, the
elastic constants of which are derived from the molecular interactions. This
scheme has previously been applied to rigid molecules as well as to rod-like
polymers (double stranded DNA). The present paper extends its applicability
to neutral, 
exible polymers.

Calculations of de
ection show that devices operating using the lateral forces
in 
exible polymer brushes are feasible in principle, but require the use of
highly compliant substrates.
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